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Zero Sum Games

Ex : Rock - Paper - Scissors ( R- P - S )
2 Players ( call them Row and Col )
Both pick one of R.P.org. who wins ?

Col
R P S

R each arty of
"

utility matrix
"

Row : P says how much Row wins
,

s = how much Col loses

( reason for name
"

Zero Sum
")

Row wants to value of entry
Col wants to value of entry
What is best strategy for Row? for Col ?

,



What does
"

play the game
"

mean ? ( 1137

Col
R P S

R O - l l Row
Row : p i o - I do1)wantstoChian! mm! entry

s - l l O

1) Row picks R
.

Por S
,

tells Col
,
then Col picks

2) Col picks R
,
P or S

,

tells Row
,
then Row picks

3) Row and Col pick, then announce at same time
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What does
"

play the game
"

mean? ( 213)
Col
R P S

R

Row : Ps III &:DwantstoChian::! entry

3) Row and Col pick, then announce at same time

3a) Row (almost) always picks same row

3 b) Col (almost) always picks same column
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What does
"

play the game
"

mean? 1313)
Col
R P S

R

Row : Ps III &:DwantstoChian::! entry

3) Row and Col pick, then announce at same time
Row picks row i with probability Xo

Col picks column j with probability yj
Let U = If I =

"

utility
"

Probability of picking Ucij) =
Expected utility = Eu =

-
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Choosing a
"

strategy
"

for game
r p s

• Row 's strategy = x = Cx ,,x,xD U=/! to] 'S
Col 's strategy = y = Cy , , ya ,yrs)

s

• Ex : x = ( Is
,

I
,
st )
, y

= ( o
,
0
,
I )

• Ex : x -- Cts
,
I
,
I )

, y
= (
yi , y >yd

• Similarly , if x - (x , xz , xs) , y -- Hats .'s) then
• Both Row and Col have strategies that guarantee
the other player wins in expectation
• Value of game

=
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Let's try a different game
L R

T 5 -3Row
B - l l

Col

• Is x=CI,I ) still a good strategy for Row ?
if Col picks ( f) then Eu -- f )
⇒ Col should choose

• Is
y
-

- CI
,
I ) still a good strategy for Col ?

if Row picks 1,5) then #Utf ]
⇒ Row should choose

• Not like RPS
, expect a better strategy
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Let's try a different game
L R

row
T 5 -3 Are there better strategies
B - l l for Row and Col than CIE) ?
Col

• Suppose Row plays x - Cst ,¥ )
if Col picks ( LR) then EU=f )
Row wins

• Suppose Col plays y= (Z ,})
if Row picks ( BT) then EV -

- f )
(ol loses

• Value of game = 7



Solving a Zero Sum Game as a LP (1/2)
L R

row
T 5 -3 Rephrase finding the best
B - l l strategies for Row and Colas dual LPsCol

• Row 's goal : choose x -- (x ,xD to
maximize payoff from Col 's best response :

pick x to

• Convert to LP :

constraints :

compute
LP :
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Solving a Zero Sum Game as a LP ( 212)
L R

row
T 5 -3 Rephrase finding the best
B - l l strategies for Row and Colas dual LPsCol

• Col 's goal : choose y -- fyi ,ya ) to
minimize pay off from Row's best response :

picky to
• Convert to LP :

constraints :

compute
LP :

g-



These Two LPs are Dual 10

• Row 's LP : maximize .
Col 's LP : minimize

2- =L- Zt x.TO. Xa St
.

W =L . w toy , to -

ya sit .

X
,
20
,
XZZO

, x. tXz=l, y ,ZO, YEO , yay2=1
ZESX

.
- Xz

,

ZE-3kHz WZSY , -3y↳WZ-yitya
• Write z=Z ,

-Ze
,
ZEO
,
ZEO . Write W=W

,
-wz

,
WEQWZZO

maxz -

- Cl , -1,0,o]f¥ = min w=[0,951]µy=S.t. Et .

¥:c:*:*:p It:*.HR METH
max st . min St

.



General Approach to Zero Som Games
• Game specified by mxn matrix U

T

Row strategy =x= (Xi , xz , - -
- Xm )

,
Xiao

, Ex-El
TCol strategy =

y
'

- Cy , , ya, - . . , yn ) , y ; 20 , g. Yi ⇒

• Expected Utility = EU = ÷. Uli, j ) - X -c.yj=xUy
Row 's Goal : Col 's Goal :

pick x to maximize minGTV ) pick y to minimize max (Uyl
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Game Theory. - A little history

• Von Neumann - before duality of LPs

• Many variations :

• Many Applications

• Many Prizes
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